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Remarks on BPS bound state ‘‘decay’’
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Department of Physics at Moscow State University, Vorobjevy Gory, 119899 Moscow, Russia
and Institute for Theoretical and Experimental Physics, B. Cheremushkinskaya 25, 117259 Moscow, Russia

~Received 2 June 2003; published 2 June 2004!

In N52 super Yang-Mills theory the charges of a Bogomol’nyi-Prasad-Sommerfield~BPS! state shift under
the transition to a dual description of the theory. In particular, in the theory with matter duality, transformations
may convert a bound state to an unbound one as predicted by Seiberg and Witten from considerations of the
monodromies around the moduli space singularities. The physical mechanism of such behavior on the semi-
classical level can be established explicitly through the consideration of soliton-fermion classical field con-
figurations. The problem reduces to the investigation of the fermion spectrum in a slowly varying background
monopole field. The behavior of the solutions to classical equations allows one to observe the BPS bound state
‘‘decay’’ in vivo.
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I. INTRODUCTION

One of the greatest recent successes of supersymm
~SUSY! applications was the evaluation of the low ener
effective action forN52 supersymmetric Yang-Mills theo
ries. This became possible because supersymmetry imp
strong restrictions on the theory and, in particular, on
form of the action. It turns out that the only thing left to d
then is, instead of computing complicated path integrals
develop an intuition for working with the complex spa
describing physical vacua of the theory. This was done
Seiberg and Witten in@1,2#.

This solution of the supersymmetric Yang-Mills~SYM!
theories supplied a lot of material for future investigation
The main purpose of this work is to study the behavior o
certain class of supersymmetric states, nam
Bogomol’nyi-Prasad-Sommerfield~BPS! states, under the
adiabatic variation of low energy moduli of the theory. BP
states are of crucial importance in SUSY theories, since t
spectrum can be easily found. We shall focus on theN52
SU(2) SYM theory with matter and mainly consider th
BPS states in the sector with a nontrivial magnetic cha
As we are going to demonstrate, under a certain variatio
the moduli, localized BPS states become delocalized. Pre
tions of such behavior can easily be obtained from the ex
solution of the theory. They are actually presented in
original paper@2#. However, the explanation given there us
only general arguments~which we briefly review in the nex
section! and does not provide the explicit mechanism of su
an unusual behavior. It was also noticed there that by trea
the coupling constant as small one can examine this phen
enon in detail through considering classical solutions to
equations of motion. Our goal here is to satisfy this progr
and to demonstrate explicitly how this mechanism works

According to Seiberg and Witten, to obtain the dual d
scription of the theory, one should consider the variation
moduli, which corresponds to a closed loop on the mod
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space around a singular point where the low energy desc
tion fails. If this loop is topologically trivial, the correspond
ing transformation is trivial and we obtain the same theo
description. But if we encircle the singular point, we come
another description of the same theory. As we know from
famous example of electric-magnetic duality due to Mo
tonen and Olive@3#, a duality transformation may inter
change the roles of electric and magnetic charges. Somet
similar happens in the above case. Seiberg and Witten
posed that the Montonen-Olive duality is only a special c
of a more general group of duality transformations.

In the present work we shall consider the theory only
the vicinity of one type of singularity. These are the poin
where the quark becomes massless. Let us focus on the
tor with unit magnetic charge. The topic of our main intere
is the combined state consisting of a monopole and a
mion. Under certain conditions these two objects may co
ist as a bound state, i.e., a configuration with localized
ergy. The set of points on the moduli space whe
delocalization necessarily occurs is called the curve of m
ginal stability~CMS!. We shall refer to this delocalization a
the ‘‘decay’’ of a bound state.1

It happens that the massless quark singularity belongs
CMS. Thus, one will intersect the CMS twice in movin
along the small closed loop, around it. At some part of
loop, one will have the monopole-fermion bound state;
another, this state will be unbound. On the other hand, si
on closing the loop the theory description may switch to
dual one, one might expect that the charges will transform
a nontrivial way, such that the unbound state again beco
bound. This indeed takes place in the case we are goin
consider.

As was mentioned above, we are going to investigate
process of bound state ‘‘decay’’ or delocalization by solvi
the classical equations of motion near the singular po
treating this region of the moduli space semiclassically.
analyze the solutions to the equations of motion and de

1We use the terminology of@4#, where similar physics was
studied.
©2004 The American Physical Society01-1
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mine the energy spectrum of the fermion states in the field
the monopole. We also derive the restrictions on the e
tence of the bound state. Collecting all the pieces toget
the shift of the charges due to a nontrivial duality transf
mation predicted by simple Seiberg-Witten simple argume
can be explicitly recovered.

The paper is organized as follows. We give more expl
grounds for the speculations above and present a brief in
duction to the Seiberg-Witten method in Sec. II. The rea
familiar with the topic may skip this introduction. In Sec. I
we solve the classical equations for a fermion-monopole s
tem and analyze the solution, thus describing the bound s
decay semiclassically. Considering the transformation of
fermion spectrum during an encircling singularity, we rep
duce the charge shift predicted by Seiberg and Witten. S
tion IV is the conclusion. We also give there several br
comments on the physics underlying the phenomenon.

This work has several common points with previous
sults and we refer the interested reader to the following
pers. The conditions for existence of the bound state w
first derived in@5#. The notion of BPS state decay was orig
nally introduced in the work by Bilal and Ferrari@4#, where
this phenomenon was first derived. See@6# and @7#, and ref-
erences therein. Finally, the appropriate CMS was studie
@8#.

II. PREHISTORIC

A. Discussion of Seiberg-Witten theory

In two papers in 1994, Seiberg and Witten managed
evaluate the exact low energy effective action for both p
N52 super Yang-Mills theory@1# and N52 super Yang-
Mills theory with matter@2#. The method they applied wa
based on an investigation of the symmetries of the ac
rather than on evaluating functional integrals. It is w
known that supersymmetry imposes severe restrictions
the form of the action. Thus, forN52 SYM theory the ac-
tion is fixed up to some locally holomorphic function2

SN525
1

16p
ImFTrE d2ud2ũF~C!G , ~1!

where F is the mentioned locally holomorphic function
called the prepotential, andC denotes theN52 superfield.
We stress that the action can have such a simple form
because of supersymmetry.

The classical form ofF is fixed by renormalizability to be
F51/2tC2, with t the complex bare coupling constant3

t5
u

2p
1

4p i

g2 ,

whereu is the QCDu angle. The rather simple expressio
~1! actually encodes a long action containing the vec

2For more detailed reviews of theN52 andN51 actions, see,
for example,@9#.

3Note thatt5F9. This relation holds in the quantum case as we
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gauge fieldAm , two Weyl fermion fieldsc andl, and one
complex scalar fieldA in the adjoint representation of som
gauge groupG:

SY M5E d4x
1

g2 S 2
1

4
FmnFmn1

g2u

32p2
FmnF̃mn2 ilsmDml̄

1
1

2
D21~DmA!†DmA2 i c̄s̄mDmc2D@A†,A#

2 iA2@l,c#A†2 iA2@ l̄,c̄#A1F†F D . ~2!

As can be seen from Eq.~2!, the action possesses a certa
potential V arising after integrating out auxiliary fields. I
supersymmetric theories the vacua of the theory are sim
the zeros of the potential:

V5
1

2
tr@A†,A#250.

Since A belongs to the adjoint representation of a gau
group, the vacua ofN52 theory are described by Carta
elements of Lie algebra of the groupG. Further, we shall
concentrate particularly on the case of theSU(2) gauge
group. For this case the vacua correspond, after approp
gauge transformation, to values ofA along thes3 direction:

^A&5
1

2
as3.

The complex quantitya parameterizes the space of classic
vacua, called the moduli space of the theory.

Seiberg and Witten were searching for the low ene
effective action. This action should contain only massle
particles. Because of the Higgs effect most of the fields
quire masses. However, the components of non-Abe
fields along thes3 direction are still massless and therefo
the effective description should be a functional of the
fields. Evaluation of the effective action is generally a high
complicated task. However, in this case supersymmetry s
plifies the problem essentially, imposing restrictions on
quantum action as well. The massless part of the action~1!
fixed by supersymmetry in more familiarN51 notation has
the form

S5
1

16p
ImF E d2u F 9~F!WaWa1E d4u F1F 8~F!G ,

~3!

whereWa andF denote theN51 vector and chiral multip-
lets, respectively. Now to find the effective action we mu
determine the quantum form of the prepotentialF. This can
be done by investigating the moduli space of the theory.

Classically, the moduli space is a complex plane with o
fixed pointa50, where the broken symmetry is restored. W
shall refer to this point as a singularity, since there the eff
tive low energy description~3! breaks down. In the quantum.
1-2
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REMARKS ON BPS BOUND STATE ‘‘DECAY’’ PHYSICAL REVIEW D69, 125001 ~2004!
case there are several additional singularities on the mo
space, where some massive modes become massless.

If we wrote the expression~3! in component fields, we
should notice that the coefficient of the kinetic term for t
scalar fieldA would be proportional to imaginary part of th
second derivative ofF. In other words, the metric on th
moduli space would be

ds25Im@F 9~a!#dadā.

Being a harmonic function, this metric can be positive de
nite only in the case of a meromorphic functionF, and the
singularities ofF exactly coincide with the mentioned sin
gularities of the moduli space.

Now let us introduce a new variableaD which is the
Legendre conjugate ofa,

aD5
]F~a!

]a
. ~4!

This variable will naturally arise in the quantum generaliz
tion of the central charge formula. The central charge
pears as the nontrivial commutator of SUSY generators,
ing a central extension of the algebra:

$Qa
I ,Qb

J %5A2e IJeabZ.

For a given physical state, the central charge is conne
with the mass of the state via the so-called Bogomol’
inequality @10#:

M2>2uZu2.

The states that saturate this inequality are called BPS s
@11#. The latter protect one-half of supersymmetry and th
mass is equal to the central charge. The spectrum of th
states can always be exactly determined since the super
metry preserves the Bogomol’nyi inequality in the quantu
case as well. One needs only to determine the central ch
for the corresponding state. The classical central charge
N52 SYM was calculated by Witten and Olive in@10#. It is
generated by the vacuum expectation value of the scalar
and is naturally expressed in terms of the electric and m
netic charges of the physical state. The quantum formula
the central charge, introduced in@1#, is supposed to be

Z5nea1nmaD . ~5!

This formula reveals the reciprocal character ofa andaD . In
fact it can be analyzed from the action~3! that the Legendre
transformation~4! generated byF leads to the same action i
terms of the dual fields (FD , WD

a ), with the new coupling
tD51/t. Obviously, the electric and magnetic charges int
change under this transformation, but the central charge~5!
stays invariant, since it is connected to the observable qu
tity, the mass of the state. This is the famous Monton
Olive electric-magnetic duality. Seiberg and Witten fou
that the full duality group is larger, namely, allSL(2,Z)
transformations leave the theory invariant.
12500
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As soon as every point of the moduli space is charac
ized by a pair (a,aD), there is a spectrum of BPS state
attached to each point. These states are characterized by
nite electric and magnetic charges. Seiberg and Witten p
posed considering the central charge formula~5! as the prod-
uct of a vector consisting ofaD anda and a row of charges
(nm ,ne). This form reflects the idea thataD anda belong to
a representation of the duality groupSL(2,Z) and helps to
understand how the dualities or monodromies rotate
charges of the physical state.

To determine the monodromies one could consider
low energy theory in the vicinity of singularities and calc
late the perturbative one-loopb function, witha playing the
role of scale:

b~g![a
dg2

da
. ~6!

The latter can be established from consideration of the sp
trum of the theory at the singular point. Indeed, the pre
tential defines the coupling constantt5F 9, that is, t
5]aD /]a. Derived from Eq.~6!, the behavior ofaD as a
function of a, while encircling the singularity, fixes the
monodromy. This will be done in detail in the next subse
tion. Possessing the information about the number of sin
larities and their monodromies, it is possible to complet
restore theSL(2,Z) fiber bundle (aD ,a) over the moduli
space and thus the functionsF and t. This is enough for
recovering the explicit form of the effective action; howeve
we do not go into this any further here.

B. Theory with matter

Consideration of the theory with matter implies seve
slight modifications. On the level of the Lagrangian one ad
a term which corresponds toNf N52 hypermultiplets orNf
pairs of N51 chiral and antichiral multiplets, in either ad
joint or fundamental representation. We shall be intereste
the choice of fundamental matter and the number of flav
being 1. From theN51 point of view we add one chiral an
one antichiral multiplet, each consisting of a complex sca
field and a Weyl fermion. The full Lagrangian inN51 no-
tation has the form

S5
1

8p
Im TrFtS E d4 xd2uWaWa

12E d4xd2ud2ūF†e22VF D G
1E d4xd2ud2ū~Qi

†e22VQi1Q̃ie
2VQi

†!

1S E d4xd2uA2Q̃iFQi1miQ̃iQi1H.c.D , ~7!

and its matter part in components looks like
1-3
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A. DYMARSKY AND D. MELNIKOV PHYSICAL REVIEW D 69, 125001 ~2004!
Smatter5E d4x~Dmq!†Dmq1Dmq̃~Dmq̃!†2 ic q̄s̄mDmcq

1 ic q̃smDmc̄ q̃2q†Dq1q̃Dq̃†2 iA2q†lcq

1 iA2q̃l̄c̄ q̃1 iA2c q̄l̄q2 iA2c q̃lq̃†1Fq
†Fq

1Fq̃Fq̃
†
1@A2q̃AFq1A2Fq̃Aq2A2c q̃Acq

2A2q̃ccq2A2c q̃cq1q̃Fq1mq̃Fq1mFq̃q

2mc q̃cq1H.c.#.

The matter part of the action possessesU(Nf) global
symmetry. TheN51 mass term generally breaks this sym
metry down to a product ofNf copies ofU(1). Therefore the
matter fields carry additional global charges with respec
this U(1)’s. We might assume that these charges also c
tribute to the central extension of the SUSY algebra, and
indeed the case: the central charge formula~5! is modified in
the following way:

Z5nea1nmaD1(
Nf

mi

A2
Si , ~8!

where theSi ’s are the correspondingU(1) global charges.
Below we are going to concentrate on a particular type

singularity of the moduli space, namely, the ones correspo
ing to the massless quarks. If we look at the central cha
formula, we shall see that the BPS states with charges
2S,S) become massless at the point of the moduli sp
a05m/A2. At this point the matter fields~quarks and sca
lars! become massless. This fact could also be easily der
from the classical Lagrangian~2!. Since the spectrum of th
low energy effective theory is known, the one-loopb func-
tion can be calculated in the vicinity of this point:

b~g!5
g3

8p2
.

This b function is exact perturbatively since the higher lo
corrections are forbidden by supersymmetry. Furtherm
since the nonperturbative part is regular in the vicinity of t
singularity we can simply drop it. From theb function we
restore the leading logarithmic part of the couplingt as a
function of the scalea and next the leading order of th
function aD , which has the following form near the poin
a0:

aD.c2
i

2p
~a2a0!ln~a2a0!. ~9!

For the theory with matter, the central charge~8! is rep-
resented as a product of the row of charges (nm ,ne ,Sf) and
a column consisting ofaD , a, and m. The expansion~9!
allows one to investigate the monodromies ofaD around the
singularity. Performing a closed contour arounda0 in the a
plane gives the following transformation law foraD :
12500
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m

A2
.

This transformation law can be written as the matrix act
on the vector (aD ,a,m):

M5S 1 1 21

0 1 0

0 0 1
D .

What happens to the central charge after the encirc
singularity? Seiberg and Witten claimed that the latter sho
not change under the monodromy that arises, since it is c
nected to the observable mass of the BPS state. The ce
charge invariance implies that the row of charges must a
be transformed. Apparently, it should be rotated by the
verse monodromy matrixM 21. Thus, we find the charge
transformation law:

~nm ,ne ,S!→~nm ,ne2nm ,S1nm!. ~10!

Looking at this transformation law, we notice that by e
circling the singularity multiple times, in the presence of
monopole, we can make theScharge arbitrarily large. Let us
concentrate on studying the BPS states consisting of a m
pole and quarks. Quarks, being the matter fields, posses
S charge. This charge simply counts the fermion number
the physical state. However, since the central charge is
variant and so is the mass or the energy of the correspon
BPS state, the number of quarks that are sitting on the s
energy level, if the latter is quantized, is fixed according
the Pauli exclusion principle.4 Thus, on the one hand th
fermion number is fixed, but on the other hand it can
made arbitrarily large. This paradox may be resolved by
suming that the additional fermion arising after encircli
the singularity leaves the quantized energy level and f
away from the monopole.

In the limit m@L (g2→0), whereL is the dynamically
generated scale of the theory, the singularity correspond
to massless quark becomes semiclassical. This means
the semiclassical approach is reliable for an investigation
the behavior of a quark-monopole bound state. Below
solve the classical equations for the fermion mode in
monopole background configuration. Studying the proper
of the solution, we observe the variation of the BPS spectr
when encircling the singularity, which is consistent with t
observations of the charge shift made above.

III. DERIVATION OF THE FERMION MODE

A. Solution to Dirac equation

Consider theSU(2) theory with the action~7! in the
semiclassical part of the moduli spacea@L. Assume that
the pointa5m/A2 also belongs to this region. The theo

4As we shall see later, there is one separate fermionic energy l
in the presence of a monopole.
1-4
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contains monopoles in its spectrum. There are also solut
that correspond to matter fermions in the external monop
field. The bound state corresponds to the configuration w
localized energy. Therefore the corresponding fermion m
should be normalizable. As we shall see, such normaliza
solutions to the classical equations exist only in certain
gions of the moduli space.

The fermionic components of the hypermultiplet satis
the Dirac equation

igmDmC2~m̂1A2Â!C50,

m̂1A2Â5Re~m1A2A!1 ig5Im~m1A2A!, ~11!

where the Dirac spinorC is composed of two Weyl spinor
as follows:

C5S cq

c̄ q̃
D .

These two Weyl spinors belong to fundamental and antif
damentalN51 chiral multiplets.

Working in the Gauss gaugeA050, substituteD0 by the
energy eigenvalueiE. Now notice that the Hamiltonian com
mutes with the operatorG5g0g5 in the case Im(m)
1A2 Im(A)50. Thus a general solution to Eq.~11! can be
found as the sum ofG eigenfunctionsC5C11C2.

SubstitutingC1 instead ofC we split Eq.~11!:

@skDk2Re~m1A2A!#c150,

@E2Im~m1A2A!#c150. ~12!

Herec1 is the chiral Weyl component ofC.
In the consideration above we treatm as a real constant in

contrast with the scalar fieldA which is generally complex
However, it would be more useful for future computations
keepA real. Since there is aU(1)R symmetry acting on the
fields, we could choose aU(1) rotation

A→e2iaA,

m→e2iam,

C→e2 iag5
C,

under which the complexity ofA flows into the complexity
of m. Although this symmetry is in general anomalous, this
not the case in the semiclassical region. Then the solutio
the second equation of~12! implies that the bound state en
ergy spectrum satisfies

E5Im~M!,

whereM now defines a complex mass parameter.
12500
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In the case of a real scalar fieldA we can use the standar
radially symmetric solution for the ’t Hooft–Polyakov mono
pole @12# in the BPS limit@11#:5

A2Ai5ani@12F~r !#,

Ai
a5eai j

nj

r
@12H~r !#, ~13!

whereni is a unit vector, andF andH are known functions
of radiusr. For future convenience we chose the normaliz
tion of the scalar fieldA in Eq. ~13! slightly different from
that in @2#. In our convention asymptoticallyA→a/A2. Fur-
thermore, in@2# the charges of the BPS states were renorm
ized in such a way thata→a/2. So oura will be different
from that of @2# by the factor of (2A2)21.

Substituting Eq.~13! into Eq. ~12! we find a solution in
the form

~c1! a
a 5d a

a x0j1ni~s i ! b
a d a

b h0z, ~14!

wherea anda are spinor and color indices, respectively. T
functions x0 and h0 solving the equations at zerom are
defined as follows:6

x05
1

Ar sinhr
tanh

r

2
,

h05
1

Ar sinhr
coth

r

2
. ~15!

The functionsj andz satisfy the system of first order differ
ential equations

j85r 0mz coth2S r

2D ,

z85r 0mj tanh2S r

2D , ~16!

which implies the pair of second order equations:

j91
2j8

sinhr
2r 0

2m2j50,

z92
2z8

sinhr
2r 0

2m2z50. ~17!

Explicit solutions to these equations can be found in terms
hypergeometric functions. We shall find normalizable so
tions after an analysis of the asymptotic behavior of the g
eral solutions to Eq.~12!.

5We neglect the back reaction of matter fields on the monop
fields, assuming that in the semiclassical limit the ratio of the c
responding masses is small.

6Here we definer5r /r 0 , r 0
215a.
1-5
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The solution presented above is one of positive chira
It can be shown as well that for negative chirality a simi
solution cannot be made normalizable. It is also natura
assume that there are no other discrete spectrum solutio
Eq. ~11!. See the discussion in@5#.

B. Analysis of the solution

In this subsection we investigate the asymptotic of
solution to Eq.~11! and rederive the conditions under whic
this solution exists@5#. Using the asymptotic we also deriv
the explicit solution in terms of hypergeometric functions

We introduce a pair of functionsx,h that will character-
ize the asymptotic behavior of the solution~14!:

x5x0j, h5h0z.

Since we are interested in soliton-fermion bound states,
fermion mode we are looking for should be a normaliza
one, i.e., it should decrease fast enough at infinity and
regular at the origin, namely,

x~0!5const, h~0!50.

In the r→0 limit the fermion mode behaves as the soluti
to the equations

j91
2j8

r
2r 0

2m2j50,

z92
2z8

r
2r 0

2m2z50. ~18!

The regular solutions to Eq.~18! are as follows:

j5C
sinh~r 0mr!

r
,

z5C~r 0mr21!er 0mr1C~r 0mr11!e2r 0mr, ~19!

with the coefficients fixed by the asymptotic behavior of E
~16!.

Assume that we have a solution that is regular at the
gin. From the asymptotic~19! it follows that the first deriva-
tive of this solution is zero and the second derivative is po
tive at this point. Furthermore, the second derivative in
exact equations~17! is positive wherever the first derivativ
vanishes. Therefore such solutions can have only min
and cannot be normalizable. This means that the solutio
Eq. ~17! is either regular at the origin and divergent at infi
ity or regular at infinity and divergent at the origin. Howeve
if we look at Eq.~15!, we shall see that under certain cond
tions we can construct a normalizable zero mode. The s
tion to ~17! regular at the origin and increasing at infinity h
the asymptotic

j,z;er 0mr.

It follows from Eq. ~15! that the functionsx0 ,h0 have the
asymptotic
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and that for the functionsx,h:

x,h;A1

r
expF S r 0m2

1

2D rG .
We see that for the existence of the normalizable zero m
the following conditions should be satisfied:

2r 0m,1 or
2m

a
,1,

or a.m/A2 in the standard normalization of@2#. This result
was originally derived in@5#, and then was confirmed b
CMS considerations in@8# in the weak coupling limit.

Now turn to Eqs.~17!. Changing variables fromr to x
5(coshr11)/2 we obtain a pair of hypergeometric equ
tions:

x~x21!y191S x1
1

2D y182r 0
2m2y150,

x~x21!y291S x2
3

2D y282r 0
2m2y250. ~20!

Solving Eq.~20! and expressing the solution in terms of th
original variabler we find the unknown functionsj andz:

j~r!5CFS m

a
,2

m

a
,2

1

2
,cosh2

r

2D ,

z~r!5C̃FS m

a
,2

m

a
,
3

2
,cosh2

r

2D .

Here we took into account the asymptotic of the soluti
determined above. The asymptotic of Eq.~16! also fixes the
relationC5C̃.

C. BPS state decay

From the considerations above we found that the norm
izable fermion mode with the energy defined by the comp
mass parameterE5Im M exists only in the region of
moduli space defined by7

ReM5m,
uau
2

. ~21!

Now for a complete understanding of the process we n
one more thing, namely, to find what region of the mod
space corresponds to the solutions to the Dirac equation~11!

7In the fermion equationsa was treated as the vacuum expectati
value of the real fieldA. To define this condition for all complex
moduli plane we substitute the latter by the absolute value of
complex coordinateuau.
1-6
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REMARKS ON BPS BOUND STATE ‘‘DECAY’’ PHYSICAL REVIEW D69, 125001 ~2004!
from the continuous spectrum, i.e., nonbound BPS sta
Considering the asymptotic of Eq.~11! at infinity, we obtain
a system of linear differential equations, neglecting expon
tially decaying nonconstant coefficients. The correspond
characteristic equation gives for fixed energyE

E56Um2
a

2U.
This condition defines a cone in theE-a or equivalently in

the E-M parameter space, with the singularity ata52m
~Fig. 1!. Further, we substitute the investigation on the co
plex a plane by that on theM plane, which is equivalen
because of theU(1)R symmetry. The continuous spectru
belongs to the interior of this cone. The region of the discr
spectrum is an inclined planeE5Im M, which is bounded
due to the condition~21!.

Now a closed contour on the complexM plane corre-
sponds to some three-dimensional curve, which is restric
to belong either to an inclined plane of the discrete spect
or to the interior of the continuous spectrum cone, where,
suppose, are the only possible loci for a consistent phys
state. Since the contour must be closed and smooth,
curve must have a spiral form. This means that on encirc
the singular point we cannot return to the initial value of t
energy. Furthermore, the final point of the spiral curve
longs to a state from the continuous spectrum, which me
a decay of the initial bound state.

To clarify what happens when we encircle the singular
consider the dependence of the energyE on the angle of
rotation w in the M plane ~Fig. 2!. We start at some rea
mass valuem0 and hence at zero energy. Atw5p/2 we
reach the continuous spectrum. Forw from p/2 to 3p/2
there is no bound state, i.e., the initial bound state has
cayed. After a full rotationw52p the mode from the con
tinuous spectrum cannot descend to a discrete spectrum
the only allowed values of energy will beE>um02a/2u.
However, if we move in the opposite direction, starting fro
w52p, we shall also come to the continuous spectrum
w53p/2, but in the part of it which is below the zero leve
Since we move adiabatically, and all the states for fermi
below zero are occupied, we conclude that after encirc

FIG. 1. The region of discrete spectrum~inclined semiplane!
and the region of continuous spectrum~interior of the cone! inter-
sect via the lineE5Im M which goes through the pointa52m.
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the singularity one fermion mode runs to the continuo
spectrum, and another comes from the Dirac sea below.

IV. CONCLUSIONS

We found and investigated solutions to the classical eq
tions of motion~11!. We were searching for solutions with
localized energy or, in other words, normalizable solution
We have established that this kind of field configuration e
ists only in a definite region of the moduli space. Our intere
was in the process of encircling a singular point. We fou
that, starting from the bound state and closing a loop arou
the singularity, one comes to a multiparticle state consist
of a bound state of a fermion and a monopole, and a dis
delocalized fermion mode in the continuous part of the e
ergy spectrum.

This result was expected from Seiberg-Witten consid
ations of the moduli space of theN52 theory. Considering
just the BPS mass formula~8! and claiming the invariance o
the central charge under monodromy, it was stated that
charges should transform as follows:

~nm ,ne ,S!→~nm ,ne2nm ,S1nm!.

This is indeed the case in a semiclassical analysis w
charges (1,21,1), namely, the magnetic charge is conserv
and the electric charge is shifted by 1, due to the ferm
mode in the continuous spectrum. TheScharge also accounts
for this additional fermion mode.

What is the physical meaning of this result? Strict
speaking we do not discuss the process of some observ
decay of a physical state. The original worddecay may
sound slightly misleading, because we are concerned w
delocalizationrather than decay. The process of encircling
singularity does not seem to be very physical, since the m
tion around the singular point takes place in the abstr
moduli space. However, there is strong evidence that
moduli spaces of various supersymmetric theories are rela
to the phase spaces of certain dynamical systems.~For a
discussion and references, see@13#.! Not taking into account
this relation, the motion around the singularity actually co

FIG. 2. The initial bound state decays after crossing the poin
marginal stability atw5p/2. Another fermion mode replaces it
rising from the continuous spectrum below.
1-7
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responds to the duality transformation, or transition from o
theory description to another. We are familiar with spec
cases of this transition.

Consider the electric-magnetic duality. According to t
Dirac quantization rule, a large value of electric chargee
corresponds to a small value of magnetic charge 1/e. When
the electric charge becomes large, it is nonsensical to use
perturbative expansion with the electric charge as the par
eter. The dual theory with the small magnetic charge may
used instead. In fact we are still working with the sam
theory, but use another description for it. According to t
description, the fields that were electrically charged lo
magnetically charged after the transition.

In the above example we consider a simple duality tra
formation. From the point of view of Seiberg-Witten theor
the latter case corresponds to the real scale~one-dimensional
moduli space! and is only a subgroup of the duality group.
this paper we worked with the complex moduli space, a
therefore a complex scale. Due to the complexity, multiv
uedness appeared. This multivaluedness naturally desc
ys
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the existing variety of descriptions of the theory on a co
plex moduli space. We have been convinced that for the c
of N52 SYM theory with matter, it is necessary to take in
account the whole set of charges (nm ,ne ,S) for correct ap-
plication of duality transformations.
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